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1.1 Introduction 



What is a general representation for bandpass digital and analog signals? How do we represent a 
modulated signal? How do we evaluate the spectrum and the power of these signals? These are some 
of the questions that are answered in this chapter. 

A baseband waveform has a spectral magnitude that is nonzero for frequencies in the vicinity of 
the origin (i.e., f = 0) and negligible elsewhere. A bandpass waveform has a spectral magnitude that 
is nonzero for frequencies in some band concentrated about a frequency / = ±/ c (where f c 0), 
and the spectral magnitude is negligible elsewhere. f c is called the carrier frequency. The value of 
f c may be arbitrarily assigned for mathematical convenience in some problems. In others, namely, 
modulation problems, f c is the frequency of an oscillatory signal in the transmitter circuit and is the 
assigned frequency of the transmitter, such as 850 kHz for an AM broadcasting station. 

In communication problems, the information source signal is usually a baseband signal — for 
example, a transistor-transistor logic (TTL) waveform from a digital circuit or an audio (analog) 
signal from a microphone. The communication engineer has the job of building a system that will 
transfer the information from this source signal to the desired destination. As shown in Fig. 1.1, this 



1 Source: Couch, Leon W., II. 1997. Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, 
NI. 
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usually requires the use of a bandpass signal, s(t), which has a bandpass spectrum that is concentrated 
at ±/ c where f c is selected so that s(t) will propagate across the communication channel (either a 
wire or a wireless channel). 



Information 




Transmitter Receiver 

FIGURE 1.1: Bandpass communication system. Source: Couch, L.W., II. 1997. Digital and Analog 
Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, p. 227. With permission. 



Modulation is the process of imparting the source information onto a bandpass signal with a carrier 
frequency f c by the introduction of amplitude and/or phase perturbations. This bandpass signal 
is called the modulated signal s(t), and the baseband source signal is called the modulating signal 
m(t). Examples of exactly how modulation is accomplished are given later in this chapter. This 
definition indicates that modulation may be visualized as a mapping operation that maps the source 
information onto the bandpass signal s ( t ) that will be transmitted over the channel. 

As the modulated signal passes through the channel, noise corrupts it. The result is a bandpass 
signal-plus-noise waveform that is available at the receiver input, r(f), as illustrated in Fig. 1.1. The 
receiver has the job of trying to recover the information that was sent from the source; m denotes the 
corrupted version of m . 

1.2 Complex Envelope Representation 



All bandpass waveforms, whether they arise from a modulated signal, interfering signals, or noise, 
maybe represented in a convenient form given by the following theorem. v(t) will be used to denote 
the bandpass waveform canonically. That is, v(t) can represent the signal when s(t) = v(t) , the 
noise when n(t) = v(t), the filtered signal plus noise at the channel output when r (t) = v(t), or any 
other type of bandpass waveform 2 . 

THEOREM LI Any physical bandpass waveform can be represented by 

v(t) — Re[g(t)ej a>c ‘} (1.1a) 



Re{-} denotes the real part of{-}. g(t ) is called the complex envelope ofv(t), and f c is the associated 
carrier frequency (hertz) where co c = 2n f c . Furthermore, two other equivalent representations are 



-The symbol = denotes an equivalence and the symbol = denotes a definition. 
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v (?) = R(t) cos [ co c t + 9(t)] 



(l.lb) 



and 



where 



vit) 


= xit) cos a> c t — yit) sin a> c t\[r 


(1.1c) 


git) = xit) 


+ jy(t) = \git)\e j ^ 8(l) = Rit)e J0U) 


(1.2) 


xit) 


= Re{git)} = R)t) cos 9 it) \// 


(1.3a) 


yix) 


= Im{git)} = R)t) sin 9 it) \jr 


(1.3b) 


Rit) 


= \g(t)\=^x 2 it) + y 2 it)ir 


(1.4a) 


9 it) 




(1.4b) 



The waveforms g(t), x(t), yit), Rit), and 9 it) are all baseband waveforms, and, except for g(t), 
they are all real waveforms. R(t) is a nonnegative real waveform. Equation (l.la-l.lc) is alow-pass- 
to-bandpass transformation. The e J “ ct factor in (1.1a) shifts (i.e., translates) the spectrum of the 
baseband signal git ) from baseband up to the carrier frequency f c . In communications terminology 
the frequencies in the baseband signal g (t ) are said to be heterodyned up to f c . The complex envelope, 
git), is usually a complex function of time and it is the generalization of the phasor concept. That 
is, if git) happens to be a complex constant, then vit) is a pure sine wave of frequency f c and this 
complex constant is the phasor representing the sine wave. If git) is not a constant, then v(t) is not 
a pure sine wave because the amplitude and phase of v(t) varies with time, caused by the variations 
of git). 

Representing the complex envelope in terms of two real functions in Cartesian coordinates, we 
have 

gix) = xit) + jyit)ir (1.5) 

where xit) = Re{g(/)} and yit) — Im{g(f)}. xit) is said to be the in-phase modulation associated 
with vit), and yit) is said to be the quadrature modulation associated with vit). Alternatively, the 
polar form of git), represented by Rit) and 0(f), is given by (1.2), where the identities between 
Cartesian and polar coordinates are given by (1.3a-1.3b) and (1.4a-1.4b). R)t) and 0(f) are real 
waveforms and, in addition, Rit) is always nonnegative. R)t) is said to be the amplitude modulation 
(AM) on vit), and 6? (?) is said to be the phase modulation (PM) on vit). 

The usefulness of the complex envelope representation for bandpass waveforms cannot be overem- 
phasized. In modern communication systems, the bandpass signal is often partitioned into two chan- 
nels, one for xit) called the I (in-phase) channel and one for yit) called the Q (quadrature-phase) 
channel. In digital computer simulations of bandpass signals, the sampling rate used in the simu- 
lation can be minimized by working with the complex envelope, git), instead of with the bandpass 
signal, vit), because git) is the baseband equivalent of the bandpass signal [ I ]. 
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1.3 Representation of Modulated Signals 



Modulation is the process of encoding the source information m (?) (modulating signal) into a band- 
pass signal s(t ) (modulated signal). Consequently, the modulated signal is just a special application 
of the bandpass representation. The modulated signal is given by 



where co c = 2 nf c . f c is the carrier frequency. The complex envelope git ) is a function of the 
modulating signal m(t). That is, 



Thus g[-] performs a mapping operation on m(t). This was shown in Fig. 1.1. 

Table 1 . 1 gives an overview of the big picture for the modulation problem. Examples of the mapping 
function g[m] are given for amplitude modulation (AM), double-sideband suppressed carrier (DSB- 
SC), phase modulation (PM), frequency modulation (FM), single-sideband AM suppressed carrier 
(SSB-AM-SC), single-sideband PM (SSB-PM), single-sideband FM (SSB-FM), single-sideband en- 
velope detectable (SSB-EV), single-sideband square-law detectable (SSB-SQ), and quadrature mod- 
ulation (QM). For each g[m ], Table 1.1 also shows the corresponding x(t) and y(t) quadrature 
modulation components, and the corresponding R(t ) and 0(t) amplitude and phase modulation 
components. Digitally modulated bandpass signals are obtained when m(t ) is a digital baseband 
signal — for example, the output of a transistor transistor logic (TTL) circuit. 

Obviously, it is possible to use other g[m] functions that are not listed in Table 1.1. The question 
is: Are they useful? g[m] functions are desired that are easy to implement and that will give desirable 
spectral properties. Furthermore, in the receiver the inverse function m[g] is required. The inverse 
should be single valued over the range used and should be easily implemented. The inverse mapping 
should suppress as much noise as possible so that m(t) can be recovered with little corruption. 

1.4 Generalized Transmitters and Receivers 



A more detailed description of transmitters and receivers as first shown in Fig. 1.1 will now be 
illustrated. 

There are two canonical forms for the generalized transmitter, as indicated by (1.1b) and (1.1c). 
Equation (1.1b) describes an AM-PM type circuit as shown in Fig. 1 .2. The baseband signal processing 
circuit generates R(t) and 0(f) from m{t). The R and 0 are functions of the modulating signal m(t), 
as given in Table 1.1, for the particular modulation type desired. The signal processing may be 
implemented either by using nonlinear analog circuits or a digital computer that incorporates the R 
and 6 algorithms under software program control. In the implementation using a digital computer, 
one analog-to-digital converter (ADC) will be needed at the input of the baseband signal processor 
and two digital-to-analog converters (DACs) will be needed at the output. The remainder of the 
AM-PM canonical form requires radio frequency (RF) circuits, as indicated in the figure. 

Figure 1.3 illustrates the second canonical form for the generalized transmitter. This uses in-phase 
and quadrature-phase (IQ) processing. Similarly, the formulas relating x(t ) and y(t) to m(t) are 
shown in Table 1.1, and the baseband signal processing may be implemented by using either analog 
hardware or digital hardware with software. The remainder of the canonical form uses RF circuits as 
indicated. 

Analogous to the transmitter realizations, there are two canonical forms of receiver. Each one 
consists of RF carrier circuits followed by baseband signal processing as illustrated in Fig. 1.1. Typically 




( 1 . 6 ) 



g(t) = g[m(t)] 



(1.7) 
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TABLE 1.1 Complex Envelope Functions for Various Types of Modulation 0 



Type of 
Modulation 


Mapping Functions 

g (.» o 


Corresponding Quadrature Modulation 


X(t ) 


y(t) 


AM 


Ad l + m(0] 


A c [l+m«)] 


0 


DSB-SC 


A c m(t) 


A c m(t ) 


0 


PM 


A c e jD P m (,) 


A c cos[D p m(t)] 


A c sinIDpmU)] 


FM 


A( . e i D f S-oo m( - a '> da 


A c cos f m(a)d<rj 


A c sin \j)f f!_ x m(a)da J 


SSB-AM-SC & 


A c [m(t)± 


A c m(t) 


±A c m(t ) 


SSB-PM^ 


A e i D pl m 0W’"(0] 


A c e ZFD P' h(f ' > cos[D p m(t)] 


A ( .c =fZ) P'" (,) sinlfl^mU)] 


SSB-FM* 




A c e^^f f—oo diia)do y m(q)da^ 


A c e^^f /— oo di((T)da ^ ^ y m ( a j 


SSB-EV* 


A c el ln [ 1 + m ( , )l ± f ln l 1 + m (Oll 


A c [ 1 + m(t )] cos{ln[l + m(t)]} 


±A C [1 + m(t)] sin{ln[l + m(f)]} 


SSB-SQ^ 


Ace (l/2){ta[l+m(()]±jto|l+m«)|} 


A C y / 1 + m^lcosl^lnfl + m(t)]} 


±A C> /1 + m(t) sinl^lnfl + m(t)]} 


QM 


A c [mi(t) + jm 2 (t)] 


A c m\(t) 


A c rri2(t ) 




TABLE 1.1 Complex Envelope Functions for Various Types of Modulation 0 (Continued) 



Corresponding Amplitude 
and Phase Modulation 



Type of 
Modulation 


m 


0(0 


Linearity 


Remarks 


AM 


A c \\+mO)\ 


| 0, m(t ) > — 1 

{ 180°, m(t) < — 1 


L c 


m(t) > — 1 required for envelope de- 








tection 


DSB-SC 


A c \m(t)\ 


J 0, m(t ) > 0 

j 180°, m(t) < 0 


L 


Coherent detection required 


PM 


Ac 


D p m(t ) 


NL 


Dp is the phase deviation constant 
(rad/volt) 


FM 


Ac 


D f J-oo m(a '> da 


NL 


Dy is the frequency deviation con- 
stant (rad/volt-sec) 


SSB-AM-SC 6 


+ [m(r)] 2 


tan - 1 [±m (t ) /m (f )] 


L 


Coherent detection required 


SSB-PM* 


A c e ±D P '" « 


Dpin(t) 


NL 




SSB-FM 6 


A c e ±D f f-oo 


D f f-oo mta~)da 


NL 




SSB-EV* 


A c \l + m(t)\ 


±ln[l + m(t)\ 


NL 


m(t ) > —1 is required so that the 
ln(-) will have a real value 


SSB-SQ* 


A c y 1 +m(t) 


±^l"n[l +m(01 


NL 


m{t) > —1 is required so that the 










ln(-) will have a real value 


QM 


A c Jm\(t) + m\(t) 


tan - ^ [m 2 (t)/m j (t )] 


L 


Used in NTSC color television; re- 



quires coherent detection 

Source: Couch, L.W., II, 1997, Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, pp. 
231-232. With permission. 

a A c > 0 is a constant that sets the power level of the signal as evaluated by use of (1.1 1); L, linear; NL, nonlinear; and ["] is the 
Hilbert transform (a —90° phase-shifted version of [•]). For example, m(t) = m(t ) * f^oo fcQd'k. 

b Use upper signs for upper sideband signals and lower signals for lower sideband signals. 

c In the strict sense, AM signals are not linear because the carrier term does not satisfy the linearity (superposition) condition. 



RF circuits 




I I 



FIGURE 1.2: Generalized transmitter using the AM-PM generation technique. Source: Couch, L.W., 
II. 1997. Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, 
p. 278. With permission. 



the carrier circuits are of the superheterodyne-receiver type which consist of an RF amplifier, a down 
converter (mixer plus local oscillator) to some intermediate frequency (IF), an IF amplifier and then 
detector circuits [ 1 ] . In the first canonical form of the receiver, the carrier circuits have amplitude and 
phase detectors that output R(t) and 9(t), respectively. This pair, R(t) and 9(t), describe the polar 
form of the received complex envelope, g(t). R(t) and 9(t) are then fed into the signal processor 
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RF circuits 



Baseband circuits | 1 




FIGURE 1.3: Generalized transmitter using the quadrature generation technique. Source: Couch, 
L.W., II. 1997. Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, 
NJ, p. 278. With permission. 



which uses the inverse functions of Table 1.1 to generate the recovered modulation, m(t). The second 
canonical form of the receiver uses quadrature product detectors in the carrier circuits to produce 
the Cartesian form of the received complex envelope, x(t) and y(t). x(t) and y(t) are then inputted 
to the signal processor which generates m ( t ) at its output. 

Once again, it is stressed that any type of signal modulation (see Table 1.1) may be generated 
(transmitted) or detected (received) by using either of these two canonical forms. Both of these forms 
conveniently separate baseband processing from RF processing. Digital techniques are especially 
useful to realize the baseband processing portion. Furthermore, if digital computing circuits are 
used, any desired modulation type can be realized by selecting the appropriate software algorithm. 

1.5 Spectrum and Power of Bandpass Signals 



The spectrum of the bandpass signal is the translation of the spectrum of its complex envelope. 
Taking the Fourier transform of (1.1a), the spectrum of the bandpass waveform is [1] 

V(f) = ^[G(f-fc) + G*(-f-f c )\ (1.8) 

where G(f) is the Fourier transform of g(t), 

/ OO 

g (t)e~Wdt , 

-OO 

and the asterisk superscript denotes the complex conjugate operation. The power spectra density 
(PSD) of the bandpass waveform is [ 1 ] 

W) = l [Pg if - fc) + Vg(-f- fc )] (1.9) 

where V g (f) is the PSD of g(t). 

The average power dissipated in a resistive load is V^/Rl or I? ms RL where Vr ms is the rms 
value of the voltage waveform across the load and I rms is the rms value of the current through the 
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load. For bandpass waveforms, Equation (1.1a— 1.1c) may represent either the voltage or the current. 
Furthermore, the rms values of v(t) and g(t) are related by [1] 



= K (0) = ~ 



1 
2 

where (•) denotes the time average and is given by 



( 1 . 10 ) 



1 r T/ 2 

= lim — 



t—>oo T J _ 



a. } 



dt 



Thus, if v(t) of (l.la-l.lc) represents the bandpass voltage waveform across a resistive load, the 
average power dissipated in the load is 



p = V -± m = = <lgC0h> = gL 

L Rl Rl 2 R L 2R l 

where g lms is the rms value of the complex envelope and Rl is the resistance of the load. 



( 1 . 11 ) 



1.6 Amplitude Modulation 

Amplitude modulation (AM) will now be examined in more detail. From Table 1.1 the complex 
envelope of an AM signal is 

git) = A c [\ +m(t)] (1.12) 

so that the spectrum of the complex envelope is 

G(f) = A c 8(f) + A c M(f) (1.13) 

Using (1.6), we obtain the AM signal waveform 

s(t) = A f [l + m(t)] cos w c t (1.14) 



and, using (1.8), the AM spectrum 

S(f) = ^A c [3 (/ — f c ) + M (f — f c ) + S(f + f c ) + M{f + f c )] (1.15) 



where S(f ) = 8(—f) and, because m{t) is real, M*(f) = Suppose that the magnitude 

spectrum of the modulation happens to be a triangular function, as shown in Fig. 1.4(a). This 
spectrum might arise from an analog audio source where the bass frequencies are emphasized. The 
resulting AM spectrum, using (1.15), is shown in Fig. 1.4(b). Note that because G( f — f c ) and 
G*(— f — f c ) do not overlap, the magnitude spectrum is 



\S(f)\ = 



k_A c 8 (/ — f c ) + \A C \M (/ — f c )\ , 

lA c 8 if + f) c +\A c \M{-f - f) c 



f> o 
/ <0 



(1.16) 



The 1 in 



g(t) = A c [\ +m(t )] 
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(a) Magnitude Spectrum of Modulation 



Weight = ^ A c IW)I 



Discrete carrier term 
with weight = 




A 



Lower pper 

sideband sideband 




c 



2 




-f c -B -f c -f e +B 



fc-B f e f c +B 



f ► 



(b) Magnitude Spectrum of AM Signal 



FIGURE 1.4: Spectrum of an AM signal. Source: Couch, L.W., II. 1997. Digital and Analog Commu- 
nication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, p. 235. With permission. 

causes delta functions to occur in the spectrum at f — ±/ c , where f c is the assigned carrier frequency. 
Also, from Fig. 1.4 and (1.16), it is realized that the bandwidth of the AM signal is 2B. That is, the 
bandwidth of the AM signal is twice the bandwidth of the baseband modulating signal. 

The average power dissipated into a resistive load is found by using (1.11). 



If we assume that the dc value of the modulation is zero, ( m(t )) = 0, then the average power 
dissipated into the load is 



where m rms is the rms value of the modulation, m(t). Thus, the average power of an AM signal 
changes if the rms value of the modulating signal changes. For example, if m (?) is a sine wave test 
tone with a peak value of 1.0 for 100% modulation, 



Assume that A c = 1000 volts and Ri — 50 ohms, which are typical values used in AM broadcasting. 
Then the averagepower dissipated into the 50 £2 load for this AM signal is 





(1.17) 



= 1/V2. 



( 1000) 2 " 
2(50) . 



r 

1 H — = 15,000 watts 
2 



(1.18) 
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The Federal Communications Commission (FCC) rated carrier power is obtained when m (?) = 0. 
In this case, (1.17) becomes Pl = (1000) 2 /100 = 10,000 watts and the FCC would rate this as a 
10,000 watt AM station. The sideband power for 100% sine wave modulation is 5,000 watts. 

Now let the modulation on the AM signal be a binary digital signal such that m (?) = ±1 where + 1 
is used for a binary one and —1 is used for a binary 0. Referring to (1.14), this AM signal becomes 
an on-off keyed (OOK) digital signal where the signal is on when a binary one is transmitted and off 
when a binary zero is transmitted. For A c = 1000 and K; = 50 £2, the average power dissipated 
would be 20,000 watts since m lms = 1 for m (?) = ± 1 . 

1.7 Phase and Frequency Modulation 



Phase modulation (PM) and frequency modulation (FM) are special cases of angle-modulated sig- 
nalling. In angle-modulated signalling the complex envelope is 

git) = A c eW (1.19) 

Using (1.6), the resulting angle-modulated signal is 

s(t) = A c cos [a> c + 9 it)} (1-20) 



For PM the phase is directly proportional to the modulating signal: 



6(t) = D p m(t)xlf 



( 1 . 21 ) 



where the proportionality constant D p is the phase sensitivity of the phase modulator, having units 
of radians per volt [assuming that m (?) is a voltage waveform] . For FM the phase is proportional to 
the integral of m(t ): 

9(t) = Df f m{a)daf/ (1-22) 

J —oo 

where the frequency deviation constant D f has units of radians/volt-second. These concepts are 
summarized by the PM and FM entries in Table 1.1. 

By comparing the last two equations, it is seen that if we have a PM signal modulated by m p (t), 
there is also FM on the signal corresponding to a different modulating waveshape that is given by 



m f (?) = 



D p I" dm p (t) 
Df dt 



(1.23) 



where the subscripts / and p denote frequency and phase, respectively. Similarly, if we have an FM 
signal modulated by my it), the corresponding phase modulation on this signal is 



m p (t) 



D P 




a)da\lr 



(1.24) 



By using (1.24), a PM circuit may be used to synthesize an FM circuit by inserting an integrator in 
cascade with the phase modulator input. 

Other properties of PM and FM are that the real envelope, R(t) = |g(?)| = A c , is a constant, as 
seen from (1.19). Also, g(t) is a nonlinear function of the modulation. However, from (1.21) and 
(1.22), 9(t ) is a linear function of the modulation, m(t). Using (1.11), the average power dissipated 
by a PM or FM signal is the constant 




(1.25) 
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That is, the average power of a PM or FM signal does not depend on the modulating waveform, m ( t ). 

The instantaneous frequency deviation for an FM signal from its carrier frequency is given by the 
derivative of its phase 0 (t ) . Taking the derivative of ( 1 .22) , the peak frequency deviation is 

1 

A F= — DfM p Hz (1.26) 

2: r 

where M p = max[/H(f )] is the peak value of the modulation waveform and the derivative has been 
divided by 2: r to convert from radians/sec to Hz units. 

For FM and PM signals, Carson’s rule estimates the transmission bandwidth containing approxi- 
mately 98% of the total power. This FM or PM signal bandwidth is 

Bj — 2(f + \)Bfr (1.27) 

where B is bandwidth (highest frequency) of the modulation. The modulation index ft, is ft = A F/B 
for FM and f> — ma x[D p m(t)] = D p M p for PM. 

The AMPS (Advanced Mobile Phone System) analog cellular phones use FM signalling. A peak 
deviation of 12 kHz is specified with a modulation bandwidth of 3 kHz. From (1.27), this gives a 
bandwidth of 30 kHz for the AMPS signal and allows a channel spacing of 30 kHz to be used. To 
accommodate more users, narrow-band AMPS (NAMPS) with a 5 kHz peak deviation is used in 
some areas. This allows 10 kHz channel spacing if the carrier frequencies are carefully selected to 
minimize interference to used adjacent channels. A maximum FM signal power of 3 watts is allowed 
for the AMPS phones. However, hand-held AMPS phones usually produce no more than 600 mW 
which is equivalent to 5.5 volts rms across the 50 £2 antenna terminals. 

The GSM (Group Special Mobile) digital cellular phones use FM with minimum frequency-shift- 
keying (MSK) where the peak frequency deviation is selected to produce orthogonal waveforms for 
binary one and binary zero data. ( Digital phones use a speech codec to convert the analog voice source 
to a digital data source for transmission over the system.) Orthogonality occurs when AF = 1 /4 R 
where R is the bit rate (bits/sec) [1]. Actually, GSM uses Gaussian shaped MSK (GMSK). That is, 
the digital data waveform (with rectangular binary one and binary zero pulses) is first filtered by a 
low-pass filter having a Gaussian shaped frequency response (to attenuate the higher frequencies). 
This Gaussian filtered data waveform is then fed into the frequency modulator to generate the GMSK 
signal. This produces a digitally modulated FM signal with a relatively small bandwidth. 

Other digital cellular standards use QPSK signalling as discussed in the next section. 

1.8 QPSK Signalling 



Quadrature phase-shift-keying ( QPSK) is a special case of quadrature modulation as shown in Table 1 . 1 
where m \ (t ) = ± 1 and m 2 (t) = ± 1 are two binary bit streams. The complex envelope for QPSK is 

g{t) = x(t) + jy(t ) = A c [m\{t) + jm 2 (t)] 

where x{t) = ± A c and y(t) = ±A C . The permitted values for the complex envelope are illustrated 
by the QPSK Signal constellation shown in Fig. 1.5a. The signal constellation is a plot of the permitted 
values for the complex envelope, g{t). QPSK may be generated by using the quadrature generation 
technique of Fig. 1.3 where the baseband signal processor is a serial-to-parallel converter that reads 
in two bits of data at a time from the serial binary input stream, m(t) and outputs the first of the 
two bits to x(t) and the second bit to y(t). If the two input bits are both binary ones, (11), then 
m\(t) — +A C andm 2 (f) = +A C . This is represented by the top right-hand dot for g(t) in the signal 
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constellation for QPSK signalling in Fig. 1.5a. Likewise, the three other possible two-bit words, (10), 
(01), and (00), are also shown. The QPSK signal is also equivalent to a four-phase phase-shift-keyed 
signal (4PSK) since all the points in the signal constellation fall on a circle where the permitted phases 
are 9{t) — 45°, 135°, 225°, and 315°. There is no amplitude modulation on the QPSK signal since 
the distances from the origin to all the signal points on the signal constellation are equal. 

For QPSK, the spectrum of g(t) is of the sinx/x type since x(t) and v(f) consists of rectangular 
data pulses of value ± A c . Moreover, it can be shown that for equally likely independent binary one 
and binary zero data, the power spectral density of g (t) for digitally modulated signals with M point 
signal constellations is [ 1 ] 



'Pg(f) = K 



/ sin nflTb 

V nftT b 



2 



(1.28) 



where A" is a constant, R — 1/ 7), is the data rate (bits/sec) of m ( t ) and M — 2 l . M is the number of 
points in the signal constellation. For QPSK, M — 4 and £ = 2. This PSD for the complex envelope, 
V g (f), is plotted in Fig. 1.6. The PSD for the QPSK signal (£ = 2) is given by translating V s {f) up 
to the carrier frequency as indicated by (1.9). 

Referring to Fig. 1.6 or using (1.28), the first-null bandwidth of g(t) is R/£ Hz. Consequently, the 
null-to-null bandwidth of the modulated RF signal is 



finull = — Hz (1-29) 

For example, if the data rate of the baseband information source is 9600 bits/sec, then the null-to-null 
bandwidth of the QPSK signal would be 9.6 Hz since £ = 2. 

Referring to Fig. 1 .6, it is seen that the sidelobes of the spectrum are relatively large so, in practice, the 
sidelobes of the spectrum are filtered off to prevent interference to the adjacent channels. This filtering 
rounds off the edges of the rectangular data pulses and this causes some amplitude modulation on 
the QPSK signal. That is, the points in the signal constellation for the filtered QPSK signal would be 
fuzzy since the transition from one constellation point to another point is not instantaneous because 
the filtered data pulses are not rectangular. QPSK is the modulation used for digital cellular phones 
with the IS-95 Code Division Multiple Access (CDMA) standard. 

Equation (1.28) and Fig. 1.6 also represent the spectrum for quadrature modulation amplitude mod- 
ulation (QAM) signalling. QAM signalling allows more than two values for x (f ) and y (t ) . For example 
QAM where M — 16 has 16 points in the signal constellation with 4 values for x(t) and 4 values for 
y(t) such as, for example, x(t) — +A C , — A c , +3A C , — 3A c andv(t) = +A C , —A c , +3A e , — 3A C . 
This is shown in Fig. 1.5b. Each point in the M = 16 QAM signal constellation would represent a 
unique four-bit data word, as compared with the M — 4 QPSK signal constellation shown in Fig. 1 .5a 
where each point represents a unique two-bit data word. For a R = 9600 bits/sec information source 
data rate, a M — 16 QAM signal would have a null-to-null bandwidth of 4.8 kHz since l — 4. 

For OOK signalling as described at the end of Section 1.6, the signal constellation would consist 
of M — 2 points along the x axis where x — 0, 2 A c and y — 0. This is illustrated in Fig. 1.5c. For a 
R = 9600 bit/sec information source data rate, an OOK signal would have a null-to-null bandwidth 
of 19.2 kHz since £ = 1. 



Defining Terms 



Bandpass waveform: The spectrum of the waveform is nonzero for frequencies in some band 
concentrated about a frequency f c 0; f c is called the carrier frequency. 
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(c) OOK Signal Constellation 



FIGURE 1.5: Signal constellations (permitted values of the complex envelope). 
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FIGURE 1.6: PSD for the complex envelope of MPSK and QAM where M — 2 £ and R is bit rate 
(positive frequencies shown). Source: Couch, L.W., II. 1997. Digital and Analog Communication 
Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, p. 350. With permission. 



Baseband waveform: The spectrum of the waveform is nonzero for frequencies near / = 0. 
Complex envelope: The function g(t) of a bandpass waveform v(t) where the bandpass wave- 
form is described by 

v(t) = Re {y(f)e M ' j 

Fourier transform: If w(t ) is a waveform, then the Fourier transform of w ( t ) is 

/ OO 

w(t)e~ J27tft dt 

-OO 

where / has units of hertz. 

Modulated signal: The bandpass signal 

S(t)= Re^g(t)e j(0ct | 

where fluctuations of g(t) are caused by the information source such as audio, video, or 
data. 

Modulation: The information source, m{t), that causes fluctuations in a bandpass signal. 

Real envelope: The function R(t) = |g(f)| of a bandpass waveform v(t) where the bandpass 
waveform is described by 

v(t) = Re j 

Signal constellation: The permitted values of the complex envelope for a digital modulating 
source. 
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2.1 Introduction 



To transmit analog message signals, such as speech signals or video signals, by digital means, the signal 
has to be converted into digital form. This process is known as analog-to-digital conversion. The 
sampling process is the first process performed in this conversion, and it converts a continuous-time 
signal into a discrete-time signal or a sequence of numbers. Digital transmission of analog signals is 
possible by virtue of the sampling theorem, and the sampling operation is performed in accordance 
with the sampling theorem. 

In this chapter, using the Fourier transform technique, we present this remarkable sampling the- 
orem and discuss the operation of sampling and practical aspects of sampling. 

2.2 Instantaneous Sampling 



Suppose we sample an arbitrary analog signal m (t) shown in Fig. 2.1(a) instantaneously at a uniform 
rate, once every T s seconds. As a result of this sampling process, we obtain an infinite sequence of 
samples {m (n T s )}, where n takes on all possible integers. This form of sampling is called instantaneous 
sampling. We refer to T s as the sampling interval, and its reciprocal 1 / 7 ) = f s as the sampling rate. 
Sampling rate (samples per second) is often cited in terms of sampling frequency expressed in hertz. 
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FIGURE 2.1: Illustration of instantaneous sampling and sampling theorem. 



2.2.1 Ideal Sampled Signal 

Let m s (t) be obtained by multiplication of m(t ) by the unit impulse train 8r(t ) with period T s 
[Fig. 2.1(c)], that is, 



OO 

m s {t) = m(t )& Ts (t) = m(f) ^ 8 (t - nT s ) 

n=—oc 

OO OO 

= ^2 >n(t)8 (t - nT s ) — ^ m (nT s ) 8 (t - nT s ) 

n= — oo n= — oo 



( 2 . 1 ) 
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where we used the property of the S function, m(t)S(t — to) = m(to)8(t — to). The signal m s (t) 
[Fig. 2.1(e)] is referred to as the ideal sampled signal. 



2.2.2 Band-Limited Signals 

A real-valued signal m(t) is called a band-limited signal if its Fourier transform M (co) satisfies the 
condition 

M(co) = 0 for |®| > com (2-2) 

where com = 2n fM [Fig. 2.1(b)]. A band-limited signal specified by Eq. (2.2) is often referred to as 
a low-pass signal. 

2.3 Sampling Theorem 



The sampling theorem states that a band-limited signal m(t) specified by Eq. (2.2) can be uniquely 
determined from its values m(nT s ) sampled at uniform interval T s if T s < tt/com = 1/(2 /m)- In 
fact, when T s = tt/com , m(t) is given by 



777 (r) 



oo 

Y m ( nT s ) 

n=—o o 



sin com ( t — tiT s ) 
com (t — nT s ) 



(2.3) 



which is known as the Nyquist- Shannon interpolation formula and it is also sometimes called the 
cardinal series. The sampling interval T s = 1/(2 /m ) is called the Nyquist interval and the minimum 
rate f s = 1 / T s = 2/v/ is known as the Nyquist rate. 

Illustration of the instantaneous sampling process and the sampling theorem is shown in Fig. 2.1. 
The Fourier transform of the unit impulse train is given by [Fig. 2.1(d)] 

OO 

T }= co s Y S (co - nco s )t/f co s =2n/T s (2.4) 

n = — oo 



Then, by the convolution property of the Fourier transform, the Fourier transform M s (to) of the 
ideal sampled signal m s (t) is given by 



M s (co)\jf = 



OO 

M(co) * CO s Y ^ ~ 7 ico s ) 

n=—o O 

J OO 

— Y M (co - nco s )tjf 

s n=—oo 



1 

2tt 



(2.5) 



where * denotes convolution and we used the convolution property of the 5-function M(co) *8 (co- 
coa) = M(co — coq). Thus, the sampling has produced images of M (co) along the frequency axis. Note 
that M s (co) will repeat periodically without overlap as long as co s > 2 com or f s > 2/m [Fig. 2.1(f)]. 
It is clear from Fig. 2.1(f) that we can recover M(co) and, hence, m(t) by passing the sampled signal 
m s (t) through an ideal low-pass filter having frequency response 



H(co) = 



( 2 . 6 ) 
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7/l/7 M < COM 
0,1/7 otherwise 



where com — ft /T s . Then 



M(co) = M s (w)H(co)f 



(2.7) 



Taking the inverse Fourier transform of Eq. (2.6), we obtain the impulse response h(t ) of the ideal 
low-pass filter as 



sin w M t 
h(t ) = 

COMt 

Taking the inverse Fourier transform of Eq. (2.7), we obtain 



( 2 . 8 ) 



m(t) \js = 



m s (t) * h(t ) 



Y. m (nT s ) 8 (t — nT s ) 



sin a>Mt 



n=—oo 

oo 



Y. m ( ,i7 (' ) 



CD M t 

sin com ( t — nT s ) 
com ( t - nT s ) 



(2.9) 



which is Eq. (2.3). 

The situation shown in Fig. 2. 1 (j) corresponds to the case where f s < 2/m. In this case there 
is an overlap between M(co) and M(co — com)- This overlap of the spectra is known as aliasing or 
foldover. When this aliasing occurs, the signal is distorted and it is impossible to recover the original 
signal m(t) from the sampled signal. To avoid aliasing, in practice, the signal is sampled at a rate 
slightly higher than the Nyquist rate. If f s > 2/m, then as shown in Fig. 2. 1(f), there isagap between 
the upper limit com of M(co) and the lower limit co s — com of M(co — co s )- This range from com to 
co s — com is called a guard band. As an example, speech transmitted via telephone is generally limited 
to /m = 3.3 kHz (by passing the sampled signal through a low-pass filter). The Nyquist rate is, thus, 
6.6 kHz. For digital transmission, the speech is normally sampled at the rate f s = 8 kHz. The guard 
band is then f s — 2/m = 1.4 kHz. The use of a sampling rate higher than the Nyquist rate also has 
the desirable effect of making it somewhat easier to design the low-pass reconstruction filter so as to 
recover the original signal from the sampled signal. 

2.4 Sampling of Sinusoidal Signals 



A special case is the sampling of a sinusoidal signal having the frequency /m- In this case we require 
that f s > 2/m rather that f s > 2/m- To see that this condition is necessary, let f s = 2 /m- Now, if 
an initial sample is taken at the instant the sinusoidal signal is zero, then all successive samples will 
also be zero. This situation is avoided by requiring f s > 2/m- 

2.5 Sampling of Bandpass Signals 



A real-valued signal m(t) is called a bandpass signal if its Fourier transform M (co) satisfies the 
condition 



M(co) — 0 except for 



cot < co < C02 
— C02 < co < —cot 



( 2 . 10 ) 



where co \ = 2nf\ and o >2 = 2rr /2 [Fig. 2.2(a)]. 

The sampling theorem for a band-limited signal has shown that a sampling rate of 2/2 or greater 
is adequate for a low-pass signal having the highest frequency />. Therefore, treating m(t) specified 
by Eq. (2.10) as a special case of such a low-pass signal, we conclude that a sampling rate of 2 /) is 
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(b) 

FIGURE 2.2: (a) Spectrum of a bandpass signal; (b) Shifted spectra of 



adequate for the sampling of the bandpass signal m(t). But it is not necessary to sample this fast. The 
minimum allowable sampling rate depends on f\, ft, and the bandwidth /g = ft — f\ ■ 

Let us consider the direct sampling of the bandpass signal specified by Eq. (2.10). The spectrum 
of the sampled signal is periodic with the period co s = 2nf s , where f s is the sampling frequency, 
as in Eq. (2.4). Shown in Fig. 2.2(b) are the two right shifted spectra of the negative side spectrum 
M_(co). If the recovering of the bandpass signal is achieved by passing the sampled signal through 
an ideal bandpass filter covering the frequency bands (— 002 , — a»i) and (&>i , m 2 ), it is necessary that 
there be no aliasing problem. From Fig. 2.2(b), it is clear that to avoid overlap it is necessary that 



(2.11) 
(2.12) 

and 



co s >2 (co 2 — co 1 ) 

(k — I)®, — co \ < co\ 



kco s — a >2 > C 02 

where u>\ = 2 nf\,u >2 — 2 jt/ 2 , and k is an integer ( k — 1,2,...). 
constraints can be expressed as 



ft k f s 
1 < k < — < - — 
~ ~ fs~ 2 fs 



(2.13) 

Since f\ = ft — Zb, these 

(2.14) 



and 



k ~ 1 fs < h_ 

2 fs ~ fs 



(2.15) 
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A graphical description of Eqs. (2.14) and (2.15) is illustrated in Fig. 2.3. The unshaded regions 
represent where the constraints are satisfied, whereas the shaded regions represent the regions where 
the constraints are not satisfied and overlap will occur. The solid line in Fig. 2.3 shows the locus of 
the minimum sampling rate. The minimum sampling rate is given by 



minf/i} 



2/2 

m 



(2.16) 



where m is the largest integer not exceeding fi/fB- Note that if the ratio fi/fB is an integer, then 
the minimum sampling rate is 2/#. As an example, consider a bandpass signal with f\ = 1.5 kHz 
and fi = 2.5 kHz. Here fs = fi — fi = 1 kHz, and fi/fB = 2.5. Then from Eq. (2.16) and Fig. 2.3 
we see that the minimum sampling rate is 2 / 2/2 = f 2 = 2.5 kHz, and allowable ranges of sampling 
rate are 2.5 kHz < f s < 3 kHz and f s > 5 kHz (= 2 / 2 ). 




FIGURE 2.3: Minimum and permissible sampling rates for a bandpass signal. 
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2.6 Practical Sampling 



In practice, the sampling of an analog signal is performed by means of high-speed switching circuits, 
and the sampling process takes the form of natural sampling or flat- top sampling. 



2.6.1 Natural Sampling 

Natural sampling of a band-limited signal m{t) is shown in Fig. 2.4. The sampled signal m ns (t ) can 
be expressed as 



m as (t) = m(t)x p {t)if 



(2.17) 



where x p (t) is the periodic train of rectangular pulses with fundamental period T s , and each rect- 
angular pulse in x p (t) has duration d and unit amplitude [Fig. 2.4(b)]. Observe that the sampled 
signal m ns (t ) consists of a sequence of pulses of varying amplitude whose tops follow the waveform 
of the signal m(t) [Fig. 2.4(c)]. 




(a) 




(b) 




(c) 

FIGURE 2.4: Natural sampling. 
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The Fourier transform of x p {t) is 



OO 




(2.18) 



n=—o o 



where 



d sin (na) s d/2) ~_ jnmsd/2 
T s n(i> s d/2 



(2.19) 



Then the Fourier transform of m ns (t ) is given by 



OO 



M ns (a>) = M(a>) * X p (co) = ^ c n M(a> — nca s ) 



( 2 . 20 ) 



from which we see that the effect of the natural sampling is to multiply the nth shifted spectrum 



M(co — na> s ) by a constant c„. Thus, the original signal m(t) can be reconstructed from m ns (t ) with 
no distortion by passing m ns (t ) through an ideal low-pass filter if the sampling rate f s is equal to or 
greater than the Nyquist rate 2 fM ■ 

2.6.2 Flat- Top Sampling 

The sampled waveform, produced by practical sampling devices that are the sample and hold types, 
has the form [Fig. 2.5(c)] 



sampling is known as flat-top sampling. Using the ideal sampled signal m s (t) of Eq. (2.1), ni{ s (t) 
can be expressed as 



Using the convolution property of the Fourier transform and Eq. (2.4), the Fourier transform of 
mf s (f ) is given by 



From Eq.(2.23) we see that by using flat-top sampling we have introduced amplitude distortion and 
time delay, and the primary effect is an attenuation of high-frequency components. This effect is 
known as the aperture effect. The aperture effect can be compensated by an equalizing filter with a 
frequency response H eq (a>) = 1 / P(a>). If the pulse duration d is chosen such that d T s , however, 
then P ( a> ) is essentially constant over the baseband and no equalization may be needed. 




( 2 . 21 ) 



n = — oo 



where p(t) is a rectangular pulse of duration d with unit amplitude [Fig. 2.5(a)], This type of 




( 2 . 22 ) 




(2.23) 



where 




(2.24) 
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FIGURE 2.5: Flat-top sampling. 



2.7 Sampling Theorem in the Frequency Domain 



The sampling theorem expressed in Eq. (2.4) is the time-domain sampling theorem. There is a dual 
to this time-domain sampling theorem, i.e., the sampling theorem in the frequency domain. 
Time-limited signals: A continuous-time signal m(t ) is called time limited if 

77 i (f) = 0 for | r | > | 7 q | (2.25) 



Frequency-domain sampling theorem: The frequency-domain sampling theorem states that the 
Fourier transform M(co) of a time-limited signal m ( t ) specified by Eq. (2.25) can be uniquely deter- 
mined from its values M(nu> s ) sampled at a uniform rate oo s if co s < tt/Tq. In fact, when oo s = tt/Tq, 
then M(co) is given by 



OO 

M(co) — M ( nco s ) 

n=—o o 



sin To (co — nco s ) 
T 0 (co - nco s ) 



(2.26) 



2.8 Summary and Discussion 



The sampling theorem is the fundamental principle of digital communications. We state the sampling 
theorem in two parts. 
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THEOREM 21 If the signal contains no frequency higher than /m Hz, it is completely described by 
specifying its samples taken at instants of time spaced 1 /2/m s. 



THEOREM 22 The signal can be completely recovered from its samples taken at the rate of 2 fM 
samples per second or higher. 

The preceding sampling theorem assumes that the signal is strictly band limited. It is known that 
if a signal is band limited it cannot be time limited and vice versa. In many practical applications, the 
signal to be sampled is time limited and, consequently, it cannot be strictly band limited. Nevertheless, 
we know that the frequency components of physically occurring signals attenuate rapidly beyond 
some defined bandwidth, and for practical purposes we consider these signals are band limited. This 
approximation of real signals by band limited ones introduces no significant error in the application 
of the sampling theorem. When such a signal is sampled, we band limit the signal by filtering before 
sampling and sample at a rate slightly higher than the nominal Nyquist rate. 



Defining Terms 



Band-limited signal: A signal whose frequency content (Fourier transform) is equal to zero 
above some specified frequency. 

Band pass signal: A signal whose frequency content (Fourier transform) is nonzero only in a 
band of frequencies not including the origin. 

Flat-top sampling: Sampling with finite width pulses that maintain a constant value for a time 
period less than or equal to the sampling interval. The constant value is the amplitude of 
the signal at the desired sampling instant. 

Ideal sampled signal: A signal sampled using an ideal impulse train. 

Nyquist rate: The minimum allowable sampling rate of 2 /m samples per second, to reconstruct 
a signal band limited to /m hertz. 

Nyquist-Shannon interpolation formula: The infinite series representing a time domain 
waveform in terms of its ideal samples taken at uniform intervals. 

Sampling interval: The time between samples in uniform sampling. 

Sampling rate: The number of samples taken per second (expressed in Hertz and equal to the 
reciprocal of the sampling interval). 

Time-limited: A signal that is zero outside of some specified time interval. 
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3.1 Introduction 



Pulsecodemodulation (PCM) is analog-to-digital conversion of a special type where the information 
contained in the instantaneous samples of an analog signal is represented by digital words in a serial 
bit stream. 

If we assume that each of the digital words has n binary digits, there are M = 2" unique code words 
that are possible, each code word corresponding to a certain amplitude level. Each sample value from 
the analog signal, however, can be any one of an infinite number of levels, so that the digital word 
that represents the amplitude closest to the actual sampled value is used. This is called quantizing. 
That is, instead of using the exact sample value of the analog waveform, the sample is replaced by the 
closest allowed value, where there are M allowed values, and each allowed value corresponds to one 
of the code words. 

PCM is very popular because of the many advantages it offers. Some of these advantages are as 
follows. 

• Relatively inexpensive digital circuitry may be used extensively in the system. 

• PCM signals derived from all types of analog sources (audio, video, etc.) may be time- 
division multiplexed with data signals (e.g., from digital computers) and transmitted over 



1 Source: Leon W. Couch, II. 1997. Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, 
NJ. With permission. 
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a common high-speed digital communication system. 

• In long-distance digital telephone systems requiring repeaters, a clean PCM waveform 
can be regenerated at the output of each repeater, where the input consists of a noisy 
PCM waveform. The noise at the input, however, may cause bit errors in the regenerated 
PCM output signal. 

• The noise performance of a digital system can be superior to that of an analog system. In 
addition, the probability of error for the system output can be reduced even further by 
the use of appropriate coding techniques. 

These advantages usually outweigh the main disadvantage of PCM: a much wider bandwidth than 
that of the corresponding analog signal. 

3.2 Generation of PCM 



The PCM signal is generated by carrying out three basic operations: sampling, quantizing, and 
encoding (see Fig. 3.1). The sampling operation generates an instantaneously-sampled flat-top 

pulse-amplitude modulated (PAM) signal. 

The quantizing operation is illustrated in Fig. 3.2 for the M = 8 level case. This quantizer is said 
to be uniform since all of the steps are of equal size. Since we are approximating the analog sample 
values by using a finite number of levels (M = 8 in this illustration), error is introduced into the 
recovered output analog signal because of the quantizing effect. The error waveform is illustrated in 
Fig. 3.2c. The quantizing error consists of the difference between the analog signal at the sampler 
input and the output of the quantizer. Note that the peak value of the error (±1) is one-half of the 
quantizer step size (2). If we sample at the Nyquist rate (2 B, where B is the absolute bandwidth, 
in hertz, of the input analog signal) or faster and there is negligible channel noise, there will still be 
noise, called quantizing noise, on the recovered analog waveform due to this error. The quantizing 
noise can also be thought of as a round-off error. The quantizer output is a quantized (i.e., only M 
possible amplitude values) PAM signal. 




FIGURE 3.1: A PCM transmitter. Source: Couch, L.W. II 1997. Digital and Analog Communication 
Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, p. 138. With permission. 



The PCM signal is obtained from the quantized PAM signal by encoding each quantized sample 
value into a digital word. It is up to the system designer to specify the exact code word that will 
represent a particular quantized level. If a Gray code of Table 3. 1 is used, the resulting PCM signal is 
shown in Fig. 3. 2d where the PCM word for each quantized sample is strobed out of the encoder by 
the next clock pulse. The Gray code was chosen because it has only 1-b change for each step change in 
the quantized level. Consequently, single errors in the received PCM code word will cause minimum 
errors in the recovered analog level, provided that the sign bit is not in error. 
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(b) Analog Signal, Flat-top PAM Signal, and Quantized PAM Signal 



Difference between analog signal 
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US 


and quantized PAM signal 
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FIGURE 3.2: Illustration of waveforms in a PCM system. Source: Couch, L.W. II 1997. Digital 
and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, p. 139. With 
permission. 



Here we have described PCM systems that represent the quantized analog sample values by binary 
code words. Of course, it is possible to represent the quantized analog samples by digital words using 
other than base 2. That is, for base q, the number of quantized levels allowed is M — q n , where n 
is the number of q base digits in the code word. We will not pursue this topic since binary ( q — 2) 
digital circuits are most commonly used. 
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TABLE 3.1 3-b Gray Code lor M =■ 8 



Levels 



Quantized 


Gray Code 


Sample 


Word 


Voltage 


(PCM Output) 


+7 


no 


+5 


111 


+3 


101 


+ 1 


100 




Mirror image 




except 
for sign bit 


-1 


000 


-3 


001 


-5 


011 


-7 


010 


Source: Couch, L.W., II. 1997. Digital and Analog 
Communication Systems, 5th ed., Prentice Hall, Up- 
per Saddle River, NJ, p. 140. With permission. 



3.3 Percent Quantizing Noise 



The quantizer at the PCM encoder produces an error signal at the PCM decoder output as illustrated 
in Fig. 3.2c. The peak value of this error signal may be expressed as a percentage of the maximum 
possible analog signal amplitude. Referring to Fig. 3.2c, a peak error of 1 V occurs for a maximum 
analog signal amplitude of M — 8 V as shown Fig. 3.1c. Thus, in general, 



2P _ i _ i 
100 ~~ M ~ 2” 



or 




(3.1) 



where P is the peak percentage error for a PCM system that uses n bit code words. The design value 
of n needed in order to have less than P percent error is obtained by taking the base 2 logarithm 
of both sides of Eq. (3.1), where it is realized that log 2 (x) = [log 10 (x)]/log 10 (2) = 3.32 log 10 (x). 
That is, 



n > 3.321og 10 




(3.2) 



where n is the number of bits needed in the PCM word in order to obtain less than P percent error 
in the recovered analog signal (i.e., decoded PCM signal). 



3.4 Practical PCM Circuits 



Three techniques are used to implement the analog-to-digital converter (ADC) encoding operation. 
These are the counting or ramp, serial or successive approximation, and parallel or flash encoders. 

In the counting encoder, at the same time that the sample is taken, a ramp generator is energized 
and a binary counter is started. The output of the ramp generator is continuously compared to the 
sample value; when the value of the ramp becomes equal to the sample value, the binary value of the 
counter is read. This count is taken to be the PCM word. The binary counter and the ramp generator 
are then reset to zero and are ready to be reenergized at the next sampling time. This technique 
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requires only a few components, but the speed of this type of ADC is usually limited by the speed of 
the counter. The Maxim ICL7126 CMOS ADC integrated circuit uses this technique. 

The serial encoder compares the value of the sample with trial quantized values. Successive trials 
depend on whether the past comparator outputs are positive or negative. The trial values are chosen 
first in large steps and then in small steps so that the process will converge rapidly. The trial voltages 
are generated by a series of voltage dividers that are configured by (on-off) switches. These switches 
are controlled by digital logic. After the process converges, the value of the switch settings is read 
out as the PCM word. This technique requires more precision components (for the voltage dividers) 
than the ramp technique. The speed of the feedback ADC technique is determined by the speed of 
the switches. The National Semiconductor ADC0804 8-b ADC uses this technique. 

The parallel encoder uses a set of parallel comparators with reference levels that are the permitted 
quantized values. The sample value is fed into all of the parallel comparators simultaneously. The 
high or low level of the comparator outputs determines the binary PCM word with the aid of some 
digital logic. This is a fast ADC technique but requires more hardware than the other two methods. 
The Harris CA3318 8-b ADC integrated circuit is an example of the technique. 

All of the integrated circuits listed as examples have parallel digital outputs that correspond to the 
digital word that represents the analog sample value. For generation of PCM, the parallel output 
(digital word) needs to be converted to serial form for transmission over a two-wire channel. This is 
accomplished by using a parallel- to-serial converter integrated circuit, which is also known as a Seri al- 
input-Olltput (SIO) chip. The SIO chip includes a shift register that is set to contain the parallel data 
(usually, from 8 or 16 input lines). Then the data are shifted out of the last stage of the shift register bit 
by bit onto a single output line to produce the serial format. Furthermore, the SIO chips are usually full 
duplex; that is, they have two sets of shift registers, one that functions for data flowing in each direction. 
One shift register converts parallel input data to serial output data for transmission over the channel, 
and, simultaneously, the other shift register converts received serial data from another input to 
parallel data that are available at another output. Three types of SIO chips are available: the universal 
asynchronous receiver/transmitter (UART), the universal synchronous receiver/transmitter (USRT), 
and the universal synchronous/asynchronous receiver transmitter (USART). The UART transmits and 
receives asynchronous serial data, the USRT transmits and receives synchronous serial data, and the 
USART combines both a UART and a USRT on one chip. 

At the receiving end the PCM signal is decoded back into an analog signal by using a digital-to- 
analog converter (DAC) chip. If the DAC chip has a parallel data input, the received serial PCM data 
are first converted to a parallel form using a SIO chip as described in the preceding paragraph. The 
parallel data are then converted to an approximation of the analog sample value by the DAC chip. 
This conversion is usually accomplished by using the parallel digital word to set the configuration 
of electronic switches on a resistive current (or voltage) divider network so that the analog output is 
produced. This is called a multiplying!) AC since the analog output voltage is directly proportional to 
the divider reference voltage multiplied by the value of the digital word. The Motorola MC1408 and 
the National Semiconductor DAC0808 8-b DAC chips are examples of this technique. The DAC chip 
outputs samples of the quantized analog signal that approximates the analog sample values. This 
may be smoothed by a low-pass reconstruction filter to produce the analog output. 

The Communications Handbook [6, pp 1 07-1 17] and The Electrical Engineering Handbook [ 5 , pp. 
771-782] give more details on ADC, DAC, and PCM circuits. 
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3.5 Bandwidth of PCM 



A good question to ask is: What is the spectrum of a PCM signal? For the case of PAM signalling, the 
spectrum of the PAM signal could be obtained as a function of the spectrum of the input analog signal 
because the PAM signal is a linear function of the analog signal. This is not the case for PCM. As 
shown in Figs. 3.1 and 3.2, the PCM signal is a nonlinear function of the input signal. Consequently, 
the spectrum of the PCM signal is not directly related to the spectrum of the input analog signal. It 
can be shown that the spectrum of the PCM signal depends on the bit rate, the correlation of the PCM 
data, and on the PCM waveform pulse shape (usually rectangular) used to describe the bits [2, 3]. 
From Fig. 3.2, the bit rate is 

R = nf s (3.3) 

where n is the number of bits in the PCM word ( M = 2" ) and f s is the sampling rate. For no aliasing 
we require f s > 2 B where B is the bandwidth of the analog signal (that is to be converted to the 
PCM signal). The dimensionality theorem [2, 3] shows that the bandwidth of the PCM waveform is 
bounded by 

1 1 

SpcM > = -nf s (3.4) 

where equality is obtained if a (sin x ) /x type of pulse shape is used to generate the PCM waveform. 
The exact spectrum for the PCM waveform will depend on the pulse shape that is used as well as on 
the type of line encoding. For example, if one uses a rectangular pulse shape with polar nonreturn 
to zero (NRZ) line coding, the first null bandwidth is simply 

#pcm = R = nf s Hz (3.5) 

Table 3.2 presents a tabulation of this result for the case of the minimum sampling rate, f s =2 B. 
Note that Eq. (3.4) demonstrates that the bandwidth of the PCM signal has a lower bound given by 

5pcm > nBf (3.6) 

where f s > 2B and B is the bandwidth of the corresponding analog signal. Thus, for reasonable 
values of n, the bandwidth of the PCM signal will be significantly larger than the bandwidth of the 
corresponding analog signal that it represents. For the example shown in Fig. 3.2 where n = 3, the 
PCM signal bandwidth will be at least three times wider than that of the corresponding analog signal. 
Furthermore, if the bandwidth of the PCM signal is reduced by improper filtering or by passing the 
PCM signal through a system that has a poor frequency response, the filtered pulses will be elongated 
(stretched in width) so that pulses corresponding to any one bit will smear into adjacent bit slots. 
If this condition becomes too serious, it will cause errors in the detected bits. This pulse smearing 
effect is called intersymbol interference (ISI). 

3.6 Effects of Noise 



The analog signal that is recovered at the PCM system output is corrupted by noise. Two main effects 
produce this noise or distortion: 1) quantizing noise that is caused by the M-step quantizer at the 
PCM transmitter and 2) bit errors in the recovered PCM signal. The bit errors are caused by channel 
noise as well as improper channel filtering, which causes ISI. In addition, if the input analog signal is 
not strictly band limited, there will be some aliasing noise on the recovered analog signal [ 12] . Under 
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TABLE 3.2 Performance of a PCM System with 
Uniform Quantizing and No Channel Noise 



Number of 
Quantizer 
Levels Used, 
M 


Length of 
the PCM 
Word, 
n (bits) 


Bandwidth of 
PCM Signal 
(First Null 
Bandwidth) 3 


Recovered Analog 
Signal Power- to - 
Quantizing Noise 
Power Ratios (dB) 
(S/AOout 


2 


1 


2B 


6.0 


4 


2 


4B 


12.0 


8 


3 


6B 


18.1 


16 


4 


8B 


24.1 


32 


5 


10B 


30.1 


64 


6 


12B 


36.1 


128 


7 


14B 


42.1 


256 


8 


16B 


48.2 


512 


9 


18B 


54.2 


1,024 


10 


20B 


60.2 


2,048 


11 


22B 


66.2 


4,096 


12 


24B 


72.2 


8,192 


13 


26B 


78.3 


16,384 


14 


28B 


84.3 


32,768 


15 


30B 


90.3 


65,536 


16 


32B 


96.3 



3 B is the absolute bandwidth of the input analog signal. Source: Couch, 
L.W. II 1997. Digital and Analog Communication Systems, 5th ed., 
Prentice Hall, Upper Saddle River, NJ, p. 142. With permission. 



certain assumptions, it can be shown that the recovered analog average signal power to the average 
noise power [2] is 



S\ M 2 

Nj out ~ 1+4 (M 2 — l) P e 



(3.7) 



where M is the number of uniformly spaced quantizer levels used in the PCM transmitter and P e 
is the probability of bit error in the recovered binary PCM signal at the receiver DAC before it is 
converted back into an analog signal. Most practical systems are designed so that P e is negligible. 
Consequently, if we assume that there are no bit errors due to channel noise (i.e., P e — 0), the S/N 
due only to quantizing errors is 



— = M" 

N 



(3.8) 



Numerical values for these S/N ratios are given in Table 3.2. 

To realize these S/N ratios, one critical assumption is that the peak-to-peak level of the analog 
waveform at the input to the PCM encoder is set to the design level of the quantizer. For example, 
referring to Fig. 3.2, this corresponds to the input traversing the range — V to + V volts where V — 8 
V is the design level of the quantizer. Equation (3.7) was derived for waveforms with equally likely 
values, such as a triangle waveshape, that have a peak-to-peak value of 2 V and an rms value of V /-s/3, 
where V is the design peak level of the quantizer. 

From a practical viewpoint, the quantizing noise at the output of the PCM decoder can be cate- 
gorized into four types depending on the operating conditions. The four types are overload noise, 
random noise, granular noise, and hunting noise. As discussed earlier, the level of the analog wave- 
form at the input of the PCM encoder needs to be set so that its peak level does not exceed the design 
peak of V volts. If the peak input does exceed V, the recovered analog waveform at the output of 
the PCM system will have flat tops near the peak values. This produces overload noise. The flat tops 
are easily seen on an oscilloscope, and the recovered analog waveform sounds distorted since the 
flat topping produces unwanted harmonic components. For example, this type of distortion can 
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be heard on PCM telephone systems when there are high levels such as dial tones, busy signals, or 
off-hook warning signals. 

The second type of noise, random noise, is produced by the random quantization errors in the 
PCM system under normal operating conditions when the input level is properly set. This type of 
condition is assumed in Eq. (3.8). Random noise has a white hissing sound. If the input level is not 
sufficiently large, the S /N will deteriorate from that given by Eq. (3.8); the quantizing noise will still 
remain more or less random. 

If the input level is reduced further to a relatively small value with respect to the design level, the 
error values are not equally likely from sample to sample, and the noise has a harsh sound resembling 
gravel being poured into a barrel. This is called granular noise. This type of noise can be randomized 
(noise power decreased) by increasing the number of quantization levels and, consequently, increasing 
the PCM bit rate. Alternatively, granular noise can be reduced by using a nonuniform quantizer, 
such as the //-law or A-law quantizers that are described in Section 3.7. 

The fourth type of quantizing noise that may occur at the output of a PCM system is hunting 
noise. It can occur when the input analog waveform is nearly constant, including when there is no 
signal (i.e., zero level). For these conditions the sample values at the quantizer output (see Fig. 3.2) 
can oscillate between two adjacent quantization levels, causing an undesired sinusoidal type tone of 
frequency 1 /2f s at the output of the PCM system. Hunting noise can be reduced by filtering out the 
tone or by designing the quantizer so that there is no vertical step at the constant value of the inputs, 
such as at 0-V input for the no signal case. For the no signal case, the hunting noise is also called 
idle channel noise. Idle channel noise can be reduced by using a horizontal step at the origin of the 
quantizer output-input characteristic instead of a vertical step as shown in Fig. 3.2. 

Recalling that M = 2", we may express Eq. (3.8) in decibels by taking 10 log 10 (-) ofboth sides of 
the equation, 



(4t) =6.02n+ a (3.9) 

V^/dB 



where n is the number of bits in the PCM word and a = 0. This equation — called the 6-dB rule — 
points out the significant performance characteristic for PCM: an additional 6-dB improvement in 
S /N is obtained for each bit added to the PCM word. This is illustrated in Table 3.2. Equation (3.9) is 
valid for a wide variety of assumptions (such as various types of input waveshapes and quantification 
characteristics), although the value of a will depend on these assumptions [7]. Of course, it is 
assumed that there are no bit errors and that the input signal level is large enough to range over a 
significant number of quantizing levels. 

One may use Table 3.2 to examine the design requirements in a proposed PCM system. For 
example, high fidelity enthusiasts are turning to digital audio recording techniques. Here PCM 
signals are recorded instead of the analog audio signal to produce superb sound reproduction. For 
a dynamic range of 90 dB, it is seen that at least 15-b PCM words would be required. Furthermore, 
if the analog signal had a bandwidth of 20 kHz, the first null bandwidth for rectangular bit-shape 
PCM would be 2 x 20 kHz x 15 = 600 kHz. Consequently, video-type tape recorders are needed to 
record and reproduce high-quality digital audio signals. Although this type of recording technique 
might seem ridiculous at first, it is realized that expensive high-quality analog recording devices 
are hard pressed to reproduce a dynamic range of 70 dB. Thus, digital audio is one way to achieve 
improved performance. This is being proven in the marketplace with the popularity of the digital 
compact disk (CD). The CD uses a 16-b PCM word and a sampling rate of 44.1 kHz on each stereo 
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channel [9, 10] . Reed-Solomon coding with interleaving is used to correct burst errors that occur as 
a result of scratches and fingerprints on the compact disk. 



3.7 Nonuniform Quantizing: /z-Law and A-Law 
Companding 



Voice analog signals are more likely to have amplitude values near zero than at the extreme peak 
values allowed. For example, when digitizing voice signals, if the peak value allowed is 1 V, weak 
passages may have voltage levels on the order of 0.1 V (20 dB down). For signals such as these with 
nonuniform amplitude distribution, the granular quantizing noise will be a serious problem if the 
step size is not reduced for amplitude values near zero and increased for extremely large values. This 
is called nonuniform quantizing since a variable step size is used. An example of a nonuniform 
quantizing characteristic is shown in Fig. 3.3. 

The effect of nonuniform quantizing can be obtained by first passing the analog signal through a 
compression (nonlinear) amplifier and then into the PCM circuit that uses a uniform quantizer. In 
the U.S., a /z- law type of compression characteristic is used. It is defined [11] by 



\w 2 (t)\ = 



In (1 + /z |mi(r)|) 
ln(l + /z) 



(3.10) 



where the allowed peak values of w\(t) are ±1 (i.e., |uq(f)| < 1 ) , /x is a positive constant that is a 
parameter. This compression characteristic is shown in Fig. 3.3(b) for several values of /z, and it is 
noted that /z — »• 0 corresponds to linear amplification (uniform quantization overall). In the United 
States, Canada, and Japan, the telephone companies use a /z = 255 compression characteristic in 
their PCM systems [4], 

Another compression law, used mainly in Europe, is the A -law characteristic. It is defined [1] by 



|u>2(0l = 



A \wi(t)\ 

1 + In A ’ 
l+ln(A| Wl (f)|) 
1 + In A 



0 < |un(OI < yr 

A 



1 < |u;i (01 < 1 

A 



(3.11) 



where |wi(0l < 1 and A is a positive constant. The A-law compression characteristic is shown in 
Fig. 3.3(c). The typical value for A is 87.6. 

When compression is used at the transmitter, expansion (i.e., decompression) must be used at the 
receiver output to restore signal levels to their correct relative values. The expandor characteristic is 
the inverse of the compression characteristic, and the combination of a compressor and an expandor 
is called a compandor. 

Once again, it can be shown that the output S/N follows the 6-dB law [2] 



(4:) =6.02 + a (3.12) 

WdB 



where for uniform quantizing 

a = 4.77 - 20 log (V/x r ms) 



(3.13) 
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FIGURE 3.3: Compression characteristics (first quadrant shown). Source: Couch, L.W. II 1997. 
Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, p. 147. 
With permission. 



and for sufficiently large input levels" 1 for fi - law companding 

a 4.77 — 201og[ln(l + /z)] (3.14) 

and for A-law companding [ 7 ] 

a 4.77 — 201og[l + In A] (3.15) 

n is the number of bits used in the PCM word, V is the peak design level of the quantizer, and x rms is 
the rms value of the input analog signal. Notice that the output S/N is a function of the input level 



-See Lathi, 1998 for a more complicated expression that is valid for any input level. 
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FIGURE 3.4: Output S /N of 8-b PCM systems with and without companding. Source: Couch, L.W. 
II 1997. Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle River, NJ, 
p. 149. With permission. 



for the uniform quantizing (no companding) case but is relatively insensitive to input level for /z- law 
and A -law companding, as shown in Fig. 3.4. The ratio V /x rms is called the loading factor. The input 
level is often set for a loading factor of 4 ( 12 dB) to ensure that the overload quantizing noise will be 
negligible. In practice this gives a = —7.3 for the case of uniform encoding as compared to a = 0, 
which was obtained for the ideal conditions associated with Eq. (3.8). 

3.8 Example: Design of a PCM System 



Assume that an analog voice-frequency signal, which occupies a band from 300 to 3400 Hz, is to 
be transmitted over a binary PCM system. The minimum sampling frequency would be 2 x 3.4 = 
6.8 kHz. In practice the signal is oversampled, and in the U.S. a sampling frequency of 8 kHz is the 
standard used for voice- frequency signals in telephone communication systems. Assume that each 
sample value is represented by 8 b; then the bit rate of the PCM signal is 



R = 
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( f s samples/.?) (n b/s) 

(8 £ samples/s)(8 b/s) = 64 kb/s 



(3.16) 



Referring to the dimensionality theorem [Eq. (3.4)], we realize that the theoretically minimum 
absolute bandwidth of the PCM signal is 



Bmin = -D = 32 kHz 



(3.17) 



and this is realized if the PCM waveform consists of (sin x)/x pulse shapes. If rectangular pulse 
shaping is used, the absolute bandwidth is infinity, and the first null bandwidth [Eq. (3.5)] is 



#null = R = ~ = 64 kHz 

h 



(3.18) 



That is, we require a bandwidth of 64 kHz to transmit this digital voice PCM signal where the 
bandwidth of the original analog voice signal was, at most, 4 kHz. Using n = 8 in Eq. (3.1), the 
error on the recovered analog signal is ±0.2%. Using Eqs. (3.12) and (3.13) for the case of uniform 
quantizing with a loading factor, V /x rms , of 10 (20 dB), we get for uniform quantizing 



( — | = 32.9 dB (3.19) 

w; dB 



Using Eqs. (3.12) and (3.14) for the case of p = 255 companding, we get 



— = 38.05 dB 
N, 



(3.20) 



These results are illustrated in Fig. 3.4. 



Defining Terms 



I n ter symbol interference: Filtering of a digital waveform so that a pulse corresponding to 1 b 
will smear (stretch in width) into adjacent bit slots. 

Pulse amplitude modulation: An analog signal is represented by a train of pulses where the 
pulse amplitudes are proportional to the analog signal amplitude. 

Pulse code modulation : A serial bit stream that consists of binary words which represent quan- 
tized sample values of an analog signal. 

Q uantizing: Replacing a sample value with the closest allowed value. 

References 



[1] Cattermole, K.W., Principles of Pulse-code Modulation, American Elsevier, New York, NY, 
1969. 

[2] Couch, L.W., Digital and Analog Communication Systems, 5th ed., Prentice Hall, Upper Saddle 
River, NJ, 1997. 

[3] Couch, L.W., Modern Communication Systems: Principles and Applications, Macmillan Pub- 
lishing, New York, NY, 1995. 

[4] Dammann, C.L., McDaniel, L.D., and Maddox, C.L., D2 Channel Bank — Multiplexing and 
Coding. B. S. T. /., 12(10), 1675-1700, 1972. 

[5] Dorf, R.C., The Electrical Engineering Handbook, CRC Press, Inc., Boca Raton, FL, 1993. 



©1999 by CRC Press LLC 



[6] Gibson, J.D., The Communications Handbook, CRC Press, Inc., Boca Raton, FL, 1997. 

[7] Jayant, N.S. and Noll, P., Digital Coding of Waveforms, Prentice Hall, Englewood Cliffs, NJ, 
1984. 

[8] Lathi, B.P., Modern Digital and Analog Communication Systems, 3rd ed., Oxford University 
Press, New York, NY, 1998. 

[9] Miyaoka, S., Digital Audio is Compact and Rugged. IEEE Spectrum, 21(3), 35-39, 1984. 

[10] Peek, J.B.H., Communication Aspects of the Compact Disk Digital Audio System. IEEE Comm. 
Mag., 23(2), 7-15, 1985. 

[11] Smith, B., Instantaneous Companding of Quantized Signals. B. S. T. /., 36(5), 653-709, 1957. 

[12] Spilker, J.J., Digital Communications by Satellite, Prentice Hall, Englewood Cliffs, NJ, 1977. 



Further Information 



Many practical design situations and applications of PCM transmission via twisted-pair T- 1 telephone 
lines, fiber optic cable, microwave relay, and satellite systems are given in [2] and [3], 



©1999 by CRC Press LLC 



Honig, M.L. & Barton, M. “Baseband Signalling and Pulse Shaping” 

Mobile Communications Handbook 

Ed. Suthan S. Suthersan 

Boca Raton: CRC Press LLC, 1999 



©1999 by CRC Press LLC 




Baseband Signal ling and Pulse 

Shapi ng 



M ichael L. Honig 

Northwestern U niversity 

Melbourne Barton 

Bel I core 



4.1 Communications System Model 

4.2 Intersymbol Interference and the Nyquist Criterion 
Raised Cosine Pulse 

4.3 Nyquist Criterion with Matched Filtering 

4.4 Eye Diagrams 

Vertical Eye Opening • Horizontal Eye Opening • Slope of the 
Inner Eye 

4.5 Partial-Response Signalling 
Precoding 

4.6 Additional Considerations 

Average Transmitted Power and Spectral Constraints • Peak- 
to-Average Power • Channel and Receiver Characteristics • 
Complexity • Tolerance to Interference • Probability of Inter- 
cept and Detection 

4.7 Examples 

Global System for Mobile Communications (GSM) • U.S. Dig- 
ital Cellular (IS-136) • Interim Standard-95 • Personal Access 
Communications System (PACS) 

Defining Terms 

References 

Further Information 



Many physical communications channels, such as radio channels, accept a continuous-time waveform 
as input. Consequently, a sequence of source bits, representing data or a digitized analog signal, must 
be converted to a continuous-time waveform at the transmitter. In general, each successive group of 
bits taken from this sequence is mapped to a particular continuous-time pulse. In this chapter we 
discuss the basic principles involved in selecting such a pulse for channels that can be characterized 
as linear and time invariant with finite bandwidth. 



4.1 Communications System Model 



Figure 4.1a shows a simple block diagram of a communications system. The sequence of source bits 
{bj } are grouped into sequential blocks (vectors) of m bits {b,}, and each binary vector bj is mapped 
to one of 2'" pulses, p(b,\ t), which is transmitted over the channel. The transmitted signal as a 
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function of time can be written as 



(4.1) 



s(t) = Y^p(br, t -iT)if 
i 

where 1/2" is the rate at which each group of m bits, or pulses, is introduced to the channel. The 
information (bit) rate is therefore m/T . 




iT. 



o 



Figure 4.1a Communication system model. The source bits are grouped into binary vectors, which are mapped to 
a sequence of pulse shapes. 




Figure 4.1b Channel model consisting of a linear, time-invariant system (transfer function) followed by additive 
noise. 

The channel in Fig. 4.1a can be a radio link, which may distort the input signal s(t) in a variety 
of ways. For example, it may introduce pulse dispersion (due to finite bandwidth) and multipath, as 
well as additive background noise. The output of the channel is denoted as x(t), which is processed 
by the receiver to determine estimates of the source bits. The receiver can be quite complicated; 
however, for the purpose of this discussion, it is sufficient to assume only that it contains a front-end 
filter and a sampler, as shown in Fig. 4.1a. This assumption is valid for a wide variety of detection 
strategies. The purpose of the receiver filter is to remove noise outside of the transmitted frequency 
band and to compensate for the channel frequency response. 

A commonly used channel model is shown in Fig. 4. lb and consists of a linear, time -invariant 
filter, denoted as G(/), followed by additive noise nit). The channel output is, therefore, 

x(t) = [g(t)*s(t)] + n(tW (4.2) 

where g(t ) is the channel impulse response associated with G(/), and the asterisk denotes convolu- 
tion, 

/ OO 

g(t - t)s(t) dr 

-OO 

This channel model accounts for all linear, time-invariant channel impairments, such as finite band- 
width and time-invariant multipath. It does not account for time-varying impairments, such as 
rapid fading due to time-varying multipath. Nevertheless, this model can be considered valid over 
short time periods during which the multipath parameters remain constant. 

In Figs. 4.1a, and 4.1b, it is assumed that all signals are baseband signals, which means that 
the frequency content is centered around / = 0 (DC). The channel passband, therefore, partially 
coincides with the transmitted spectrum. In general, this condition requires that the transmitted 
signal be modulated by an appropriate carrier frequency and demodulated at the receiver. In that 
case, the model in Figs. 4.1a, and 4.1b still applies; however, baseband-equivalent signals must be 
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derived from their modulated (passband) counterparts. Baseband signalling and pulse shaping refers 
to the way in which a group of source bits is mapped to a baseband transmitted pulse. 

As a simple example of baseband signalling, we can take m = 1 (map each source bit to a pulse), 
assign a 0 bit to a pulse pit), and a 1 bit to the pulse —p(t). Perhaps the simplest example of a 
baseband pulse is the rectangular pulse given by pit) — 1, 0 < t < T, and pit) = 0 elsewhere. In 
this case, we can write the transmitted signal as 



sit) = ^Aipit - iT)f 
i 



(4.3) 



where each symbol A; takes on a value of + 1 or — 1 , depending on the value of the i th bit, and 1 / T 
is the symbol rate, namely, the rate at which the symbols A, are introduced to the channel. 

The preceding example is called binary pulseamplitlldemodulation (PAM ), since the data symbols 
A, are binary valued, and they amplitude modulate the transmitted pulse pit). The information 
rate (bits per second) in this case is the same as the symbol rate l/T. As a simple extension of this 
signalling technique, we can increase m and choose A,- from one of M — 2 m values to transmit at 
bit rate m/T. This is known as M-ary PAM. For example, letting m = 2, each pair of bits can be 
mapped to a pulse in the set {pit), —pit), 3 pit), —3 pit)}. 

In general, the transmitted symbols {A,}, the baseband pulse pit), and channel impulse response 
git) can be complex valued. For example, each successive pair of bits might select a symbol from the 
set {1, —1, j, — /}, where j — V— 1. This is a consequence of considering the baseband equivalent 
of passband modulation. (That is, generating a transmitted spectrum which is centered around 
a carrier frequency f c .) Here we are not concerned with the relation between the passband and 
baseband equivalent models and simply point out that the discussion and results in this chapter 
apply to complex-valued symbols and pulse shapes. 

As an example of a signalling technique which is not PAM, let m = 1 and 



pi 0; t) 
Piht) 



sin(27r/if) 

0 

V2 sin i 2 itf 2 t) 

0 



0 <t <T 
elsewhere 
0 <t <T 
elsewhere 



(4.4) 



where f\ and fi ^ f\ are fixed frequencies selected so that f\ T and faT (number of cycles for each 
bit) are multiples of 1 /2. These pulses are orthogonal, namely, 

T 

pi 1; t)pi0\ t) dr = 0 

This choice of pulse shapes is called binary frequency- shift keying (FSK). 

Another example of a set of orthogonal pulse shapes for m = 2 bits/T is shown in Fig. 4.2. Because 
these pulses may have as many as three transitions within a symbol period, the transmitted spectrum 
occupies roughly four times the transmitted spectrum of binary PAM with a rectangular pulse shape. 
The spectrum is, therefore, spread across a much larger band than the smallest required for reliable 
transmission, assuming a data rate of 2 /T. This type of signalling is referred to as spread -spectrum. 
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FIGURE 4.2: Four orthogonal spread-spectrum pulse shapes. 



Spread-spectrum signals are more robust with respect to interference from other transmitted signals 
than are narrowband signals. 1 

4.2 Intersymbol Interference and the Nyquist Criterion 



Consider the transmission of a PAM signal illustrated in Fig. 4.3. The source bits {£>,-} are mapped 
to a sequence of levels {A,}, which modulate the transmitter pulse p(t). The channel input is, 
therefore, given by Eq. (4.3) where p(t) is the impulse response of the transmitter pulse-shaping filter 
P(f ) shown in Fig. 4.3. The input to the transmitter filter P(f ) is the modulated sequence of delta 
functions A,- 5 (r — iT). The channel is represented by the transfer function G(f) (plus noise), 
which has impulse response g(t), and the receiver filter has transfer function R(f) with associated 
impulse response r(t). 



n(t) 




iT. i 



FIGURE 4.3: Baseband model of a pulse amplitude modulation system. 



Let h(t) be the overall impulse response of the combined transmitter, channel, and receiver, which 
has transfer function //(/) = P(f)G(f)R(f). We can write h (t) = p(t) * g(t) * r(t). The output 



1 This example can also be viewed as coded binary PAM. Namely, each pair of two source bits are mapped to 4 coded bits, 
which are transmitted via binary PAM with a rectangular pulse. The current IS-95 air interface uses an extension of this 
signalling method in which groups of 6 bits are mapped to 64 orthogonal pulse shapes with as many as 63 transitions 
during a symbol. 
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of the receiver filter is then 



y(t) = Ajh{t — iT) + h(t)^r 



(4.5) 



where h(t) = r(t) * n(t) is the output of the filter Rif) with input n{t). Assuming that samples are 
collected at the output of the filter R if) at the symbol rate 1/ T, we can write the £th sample of y (t) 
as 



y(kT) = E Aih(kT - iT) + n(kT) 

i 

= A k hj 0) + AjhjkT — iT) + h(kT)^r (4.6) 

The first term on the right-hand side of Eq. (4.6) is the fcth transmitted symbol scaled by the system 
impulse response at t — 0. If this were the only term on the right side of Eq. (4.6), we could obtain the 
source bits without error by scaling the received samples by l//z(0). The second term on the right- 
hand side of Eq. (4.6) is called intersymbol interference, which reflects the view that neighboring 
symbols interfere with the detection of each desired symbol. 

One possible criterion for choosing the transmitter and receiver filters is to minimize intersymbol 
interference. Specifically, if we choose pit) and r(t) so that 



h(kT) = 



1 

0 



k = 0 

k^O 



(4.7) 



then the fcth received sample is 

y{kT) = A k + h(kT)i/ (4.8) 

In this case, the intersymbol interference has been eliminated. This choice of pit) and r (t) is called a 
zero-forcing solution, since it forces the intersymbol interference to zero. Depending on the type of 
detection scheme used, a zero-forcing solution may not be desirable. This is because the probability 
of error also depends on the noise intensity, which generally increases when intersymbol interference 
is suppressed. It is instructive, however, to examine the properties of the zero-forcing solution. 

We now view Eq. (4.7) in the frequency domain. Since h ( t ) has Fourier transform 



Hif) = P(f)G(f)R(M (4.9) 

where P(f) is the Fourier transform of pit), the bandwidth of H(f) is limited by the bandwidth of 
the channel Gif). We will assume that Gif) = 0, |/| > W. The sampled impulse response hikT) 
can, therefore, be written as the inverse Fourier transform 

rW 

hikT) — / Hi f )e^i' kT df 

J-w 

Through a series of manipulations, this integral can be rewritten as an inverse discrete Fourier 
transform, 



hikT) = T H eq (e j2nfT ) e j2jzfkT d 

d — 1/(27") ^ ' 



(4.10a) 



where 
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